
Formulas 
Dot Product 
(𝑥#, 𝑦#) ∙ (𝑥(, 𝑦() = 𝑥#𝑥( +	𝑦#𝑦( 
= |(𝑥#, 𝑦#)||𝑥(, 𝑦(|cos	(𝜃) 
 

cos(𝜃) = 	
(𝑥#, 𝑦#) ∙ (𝑥(, 𝑦()
|(𝑥#, 𝑦#)||𝑥(, 𝑦(|

= 	
𝑎 ∙ 𝑏
|𝑎||𝑏| 

 
𝑎 ∙ 𝑏 > 0 → 𝜃 is acute 
𝑎 ∙ 𝑏 < 0 → 𝜃 is obtuse 
𝑎 ∙ 𝑏 = 0 → 𝜃 is right 
 
(𝑎 + 𝑏) ∙ (𝑐 + 𝑑) = 

𝑎 ∙ 𝑐 + 𝑏 ∙ 𝑐 + 𝑎 ∙ 𝑑 + 𝑏 ∙ 𝑑 
 
pro𝑗:	𝑎	 = 	

(𝑎∙𝑏)
|𝑏|2

𝑏 = (𝑎 ∙ 𝑏|𝑏|)
𝑏
|𝑏| 

 
Lines 
• Standard Eq. of Line in ℝ= 

perpendicular to 𝑛?⃗ = (a, b)	: 
𝑛?⃗ ∙ (𝑥 − 𝑥#, 𝑦 − 𝑦#) = 0 

Or equivalently, 
𝑎(𝑥 − 𝑥#) + 𝑏(𝑦 − 𝑦#) = 0 

• Vector Eq. of Line in ℝ= parallel to 
�⃗� = (𝑎, 𝑏): 

(𝑥, 𝑦) = (𝑥#, 𝑦#) + 𝑡𝑣 
In ℝF and �⃗� = (𝑎, 𝑏, 𝑐) this generalizes to: 

(𝑥, 𝑦, 𝑧) = (𝑥#, 𝑦#, 𝑧#) + 𝑡�⃗� 
For the standard parameterization of the 
line segment: 0 ≤ t ≤ 1 
• The Parametric Eq. for a line can be 

found from the Vector Eq. 
𝑥 = 𝑥# + 𝑡𝑎 
𝑦 = 𝑦# + 𝑡𝑏 
𝑧 = 𝑧# + 𝑡𝑏 

• The Symmetric Eq. for a line is found 
by solving for t: 

𝑥 − 𝑥#
𝑎 =

𝑦 − 𝑦#
𝑏 =

𝑧 − 𝑧#
𝑐  

 
Planes 
• Standard Eq. of Plane in ℝF 

perpendicular to 𝑛?⃗ = (a, b, c)	: 
𝑛?⃗ ∙ (𝑥 − 𝑥#, 𝑦 − 𝑦#, 𝑧 − 𝑧#) = 0 

Or equivalently, 
𝑎(𝑥 − 𝑥#) + 𝑏(𝑦 − 𝑦#) + 𝑐(𝑧 − 𝑧# = 0 

• Vector Eq. of Plane in ℝF parallel to 𝑢?⃗  
and 𝑣	 (where 𝑢?⃗ × �⃗� ≠ 0) : 
(𝑥, 𝑦, 𝑧) = (𝑥#, 𝑦#, 𝑧#) + 𝑎𝑢?⃗ + 𝑏𝑣 

• The Symmetric Eq. for a line is found 
by solving for t: 

𝑥 − 𝑥#
𝑎 =

𝑦 − 𝑦#
𝑏 =

𝑧 − 𝑧#
𝑐  

 
Regular 

∇??⃗ 𝑓 ≠ 0 
Linearly Independent 

𝑢?⃗ × �⃗� ≠ 0 

Cross Product 
M𝑎 𝑏
𝑐 𝑑M = 𝑎𝑑 − 𝑏𝑐 

 
(𝑎, 𝑏, 𝑐) × (𝑐, 𝑑, 𝑒) = 

O
𝑖 𝑗
𝑎 𝑏					
𝑑 𝑒					

𝑘
𝑐
𝑓
O = 

 

𝚤 S𝑏 𝑐
𝑒 𝑓S − 𝚥 M

𝑎 𝑐
𝑑 𝑓M + 𝑘?⃗ M

𝑎 𝑏
𝑑 𝑒M 

 
|𝑛?⃗ × 𝑚??⃗ | = |𝑛?⃗ ||𝑚??⃗ |sin	(𝜃) 

* Direction given by right-hand rule* 
 

𝑛 ×𝑚 = −𝑚 × 𝑛 
𝑝 × (𝑎�⃗� + 𝑏𝑟) = 𝑎(𝑝 × �⃗�) + 𝑏(�⃗� × 𝑟) 

 
Partial Derivatives 

𝑓[\ = 𝑓\[ 
if 𝑓[\ and 𝑓\[ are continuous  
 

∇??⃗ 𝑓(𝑥, 𝑦, 𝑧) = (
𝜕𝑓
𝜕𝑥 ,

𝜕𝑓
𝜕𝑦 ,

𝜕𝑓
𝜕𝑧) 

 
Linear Approximation 

𝑓(𝒙) ≈ 𝑓(𝑝) + ∇??⃗ 𝑓(𝑝) ∙ (𝒙 − 𝑝) 
Or as a linearization: 
𝐿a(𝒙; 𝑝) = 𝑓(𝑝) + ∇??⃗ 𝑓(𝑝) ∙ (𝒙 − 𝑝), 

𝑓(𝒙) ≈ 𝐿a(𝒙; 𝑝) 
In other words: 

∆𝑓 ≈ 𝑑d𝑓(∆𝑥) = ∇??⃗ 𝑓(𝑝) ∙ (∇𝑥) 
The tangent plane (set) is: 

𝑧 = 𝐿a(𝒙; 𝑝) 
 
Tangent Plane to Parametric Eq. 
𝑟(𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣))  
*show 𝑟e and 𝑟f are linearly independent* 
(𝑥, 𝑦, 𝑧) = 𝑝 + 𝑎𝑟e???⃗ (𝑢#, 𝑣#) + 𝑏𝑟f???⃗ (𝑢#, 𝑣#) 
Or 
𝑛?⃗  = 𝑟e × 𝑟f 

𝑛?⃗ ∙ g(𝑥, 𝑦, 𝑧) − 𝑝h = 0 
 
Hessian Determinant (for checking 
concavity) 

𝐷 = S
𝑓[[ 𝑓[\
𝑓\[ 𝑓\\

S
|d
= 𝑓[[𝑓\\ − 𝑓[\

= 

D > 0, 𝑓[[ > 0 → local min. 
D > 0, 𝑓[[ < 0 → local max. 
D < 0 → saddle 
D = 0 → degenerate 
 
Lagrange Multiplier 
∇??⃗ 𝑓 is the gradient of the original function. 
∇??⃗ 𝑔 is the gradient of the constraint 
function. 

∇??⃗ 𝑓 = 𝜆∇??⃗ 𝑔 

Basic Derivatives 
𝑑
𝑑𝑥
(𝑓 + 𝑔) = 𝑓l + 𝑔′ 

𝑑
𝑑𝑥
(𝑓 ∗ 𝑔) = 𝑓l𝑔 + 𝑓𝑔′ 

𝑑
𝑑𝑥
(𝑓/𝑔) =

𝑓l𝑔 − 𝑔′𝑓
𝑔=  

𝑑
𝑑𝑥
(𝑥^𝑎) = 𝑎𝑥qr( 
𝑑
𝑑𝑥
(𝑒q[) = 𝑎𝑒q[ 

𝑑
𝑑𝑥
(ln	(𝑥)) =

1
𝑥 

𝑑
𝑑𝑥
(𝑓(𝑔(𝑥)) = 𝑔l ∗ 𝑓′(𝑔) 
𝑑
𝑑𝑥
(sin 𝑥) = 	 cos 𝑥 

𝑑
𝑑𝑥
(cos 𝑥) = −sin 𝑥 

𝑑
𝑑𝑥
(tan 𝑥) = sec= 𝑥 

𝑑
𝑑𝑥
(csc 𝑥) = −csc 𝑥 cot 𝑥 
𝑑
𝑑𝑥
(sec 𝑥) = sec 𝑥 tan 𝑥 
𝑑
𝑑𝑥
(cot 𝑥) = −csc= 𝑥 

𝑑
𝑑𝑥
(sinr( 𝑥) =

1
√1 − 𝑥=

 

𝑑
𝑑𝑥
(cosr( 𝑥) =

−1
√1 − 𝑥=

 

𝑑
𝑑𝑥
(tanr( 𝑥) =

1
1 + 𝑥= 

𝑑
𝑑𝑥
(cscr( 𝑥) =

−1
|𝑥|√𝑥= − 1

 

𝑑
𝑑𝑥 sec

r( 𝑥 =
1

|𝑥|√𝑥= − 1
 

𝑑
𝑑𝑥
(cotr( 𝑥) =

−1
1 + 𝑥= 

 
Chain Rule for Partial Derivatives 

𝜕𝑓
𝜕𝑡 = ∇??⃗ 𝑓(𝒙) ∙

𝜕𝒙
𝜕𝑡  

Or 
𝜕𝑓
𝜕𝑡 =

𝜕𝑓
𝜕𝑥(

𝜕𝑥(
𝜕𝑡 +

𝜕𝑓
𝜕𝑥=

𝜕𝑥=
𝜕𝑡 +⋯ 

 
Directional Derivative 
*𝑢?⃗  is a unit vector!* 
𝐷e??⃗ 𝑓(𝑝) = 𝑑d𝑓(𝑢?⃗ ) = ∇??⃗ 𝑓(𝑝) ∙ 𝑢?⃗  

= |∇??⃗ 𝑓(𝑝)|cos	(𝜃) 
 



 


